With this work we aim to show how Mathematica can be a useful tool to investigate properties of combinatorial structures. Specifically, we will face enumeration problems on independent subsets of powers of paths and cycles, trying to highlight the correspondence with other combinatorial objects with the same cardinality. Then we will study the structures obtained by ordering properly independent subsets of paths and cycles. We will approach some enumeration problems on the resulting partially ordered sets, putting in evidence the correspondences with structures known as Fibonacci and Lucas Cubes.
Introduction
This work follows step by step the research carried out in [CD12a] . The focus, however, is different. While [CD12a] provide results supported by analytical proofs, as in a classical mathematical paper, here we want to show in what stages of our research work, and how, Mathematica can help us. Much of the research that follows is purely enumerative. We will see how, in each case of counting, it is useful to have a Mathematica implementation of our formulas and to observe the tabulated results. In particular, when we are able to conjecture two or more different formulas to perform the same calculation, Mathematica can give us immediate feedback about the quality of our hypothesis. This will be valid, in particular, at the end of our paper, when, thanks to Mathematica, we can make assumptions for a theorem which still, at the moment, does not have any analytical proof. For all unexplained notions and for the full proofs of mathematical results contained in this piece of work, please see [CD12a, CD12b] .
For a graph G we denote by V G the set of its vertices, and by EG the set of its edges. Definition 1.1.
For n, h ¥ 0,  the h-power of a path, denoted by P n h , is a graph with n vertices v 1 , v 2 , …, v n such that, for
h  if and only if j -i § h;
 the h-power of a cycle, denoted by Q n h , is a graph with n vertices v 1 , v 2 , …, v n such that, for
Thus, for instance, P n 0 and Q n 0 are the graphs made of n isolated nodes, P n 1 is the path with n vertices, and Q n 1 is the cycle with n vertices. Next figure shows the powers of paths P n h , for n = 1, ..., 6.
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Next figure shows the powers of cycles Q n h , for n = 3, ..., 6.
An independent subset of a graph G is a subset of V G not containing adjacent vertices.
Let H n h , and M n h be the Hasse diagrams of the posets of independent subsets of P n h , and Q n h , respectively, ordered by inclusion. Clearly, H n 0 @ M n 0 is a Boolean lattice with n atoms (n-cube, for short).
Following [MS02] (see also [Kla11] ), a Fibonacci string of order n is a binary strings of length n without (two) consecutive 1's. Recalling that the Hamming distance between two binary strings a and b is the number Ha, b of bits where a and b differ, we can define the Fibonacci cube of order n, denoted G n , as the graph V , E, where V is the set of all Fibonacci strings of order n and, for all a, b oe V , a, b oe E if and only if H a, b  1. Fibonacci cubes were introduced as an interconnection scheme for multicomputers in [Hsu93] , and their combinatorial structure has been further investigated, e.g. in [KP07, MS02] . Several generalizations of the notion of Fibonacci cubes has been proposed (see, e.g., [IKR12a, Kla11] ).
A Lucas cube of order n, denoted L n , is defined as the graph whose vertices are the binary strings of length n without either two consecutive 1's or a 1 in the first and in the last position, and in which the vertices are adjacent when their Hamming distance is exactly 1 (see [MPCZS01] ). A generalization of the notion of Lucas cubes has been proposed in [IKR12b] .
In the first part of the paper we evaluate p n h , i.e., the number of independent subsets of P n h , and H n h ,
i.e., the number of edges of H n h . In the second part of the paper we derive similar results for q n h ,
i.e., the number of independent subsets of Q n h , and M n h , i.e., the number of edges of M n h . We will see, 
The independent subsets of powers of paths
For n, h, k ¥ 0, we denote by p n,k h the number of independent k-subsets of P n h .
Lemma 2.1.
This result is Theorem 1 of [Hog70] . With the help of Mathematica, we can immediately obtain some value of p n,k The coefficients p n,k h also enjoy the following property:
For n, h ¥ 0, the number of all independent subsets of P n h is
Some values of p n h are shown in the following table, obtained by implementing our formula in
Mathematica.
Remark.
Denote by F n the n t h element of the Fibonacci sequence F 1  1, F 2  1, and Statement like the one in the remark can be also checked in Mathematica by displaying a table showing the positions on which two, or more, different formulas agree.
TableFormTablep1, n  MyFibon  2, n, 0, 17, TableHeadings  "n0", "1", "2", "3", "4", "5", "6", "7", "8", "9", "10", "11", "12", "13", "14", "15", "16", "17", TableAlignments  Center, TableDirections  Row   n0 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  True True True True True True True True True True True True True True True Tr The following, simple fact is crucial for our work. Lemma 2.2.
The following Let H n h be the number of edges of H n h . Noting that in H n h each non-empty independent k-subset covers exactly k independent k -1-subsets, we can write
We immediately implement such formula to obtain a table of values of H n h . n0  1  2  3  4  5  6  7  8  9  10  11  h0  0  1  4  12  32  80  192  448  1024  2304  5120  11 264  1  0  1  2  5  10  20  38  71  130  235  420  744  2  0  1  2  3  6  112  3  4  5  6  7  8  9  10  11 Remark.
Hh_
For h  1, H n h counts the number of edges of G n .
Let now T k,i
n,h be the number of independent k-subsets of P n h containing the vertex v i , and let, for
pbarh_, n_, k_ : Ifn  0, ph, 0, k, ph, n, k Lemma 3.1.
For n, h, k ¥ 0, and 1 § i § n,
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Next we show some tables of T k,i n,h . 1  1  1  1  1  2  11  10  9  8  8  8  8  8  8  8  8  8  9  3  28  21  15  10  13  15  16  16  16  15  13  10  15  4 1  1  1  1  1  2  4  3  3  3  3  4  3  3  1  2  2  1  3 Remark.
T k,i n,1 counts the number of strings a  b 1 b 2 ∫ b n oe G n such that: (i) H a, 00 ∫ 0  k, and (ii) b i  1.
The following lemma provide a new formula for H n h .
Lemma 3.2.
For positive n,
Such new formula can be checked by implementing it in Mathematica, and comparing the values computed with the ones obtained above. n0  1  2  3  4  5  6  7  8  9  10  11  h0  0  1  4  12  32  80  192  448  1024  2304  5120  11 264  1  0  1  2  5  10  20  38  71  130  235  420  744  2  0  1  2  3  6  11  18  30  50  81  130  208  3  0  1  2  3  4  7  1 Next we introduce a family of Fibonacci-like sequences.
Definition 3.3.
For h ¥ 0, and n ¥ 1, we define the h-Fibonacci sequence F h  F n h  n¥1 whose elements are
The h-Fibonacci sequences are shown below, for h = 0, ..., 10. n1  2  3  4  5  6  7  8  9  10  11  12  1  h0  1  2  4  8  16  32  64  128  256  512  1024  2048  40  1  1  1  2  3  5  8  13  21  34  55  89  144  23  2  1  1  1  2  3  4  6  9  13  19  28  41  6  3  1  1  1  1  2  3  4  5  7  10  14  19  2  4  1  1  1  1  1  2  3  4  5  6  8  11  1  5  1  1  1  1  1  1  2  3  4  5  6  7  9  6  1  1  1  1  1  1  1  2  3  4  5  6  7  7  1  1  1  1  1  1  1  1  2  3  4  5  6  8  1  1  1  1  1  1  1  1  1  2  3  4  5  9  1  1  1  1  1  1  1  1  1  1  2  3  4  10  1  1  1  1  1  1  1  1  1  1  1  2  3 From Lemma 2.2, and setting for h ¥ 0, and n oe Z,
Fh_, n_ : Ifn
we have that,
Thus, our Fibonacci-like sequences are obtained by adding a prefix of h 1's to the sequence p 0 h , p 1 h , … . Therefore, we have:
 F 1 is the Fibonacci sequence;
In the following, we use the discrete convolution operation *, as follows.
eq:convolution
For n, h ¥ 0, we have
The previous theorem, our main result, provide a third way to compute the number of edges of H n h .
Let us check again the correspondence between the tables obtained by the three different formulas presented in this section. 4  12  32  80  192  448  1024  2304  5120  11 264  1  0  1  2  5  10  20  38  71  130  235  420  744  2  0  1  2  3  6  112  3  4  5  6  7  8  9  10  11 Remark.
For h  1, we obtain the number of edges of G n by using Fibonacci numbers:
The latter result is [Kla05, Proposition 3].
The independent subsets of powers of cycles
For n, h, k ¥ 0, we denote by q n,k h the number of independent k-subsets of Q n h .
For h  1, n > 1, q n,k h counts the number of binary strings a oe L n such that H a, 00 ∫ 0  k.
Lemma 4.1.
For n, h ¥ 0, and k > 1,
We compute some values of q n,k h , for h = 1, ..., 4. For n, h ¥ 0, the number of all independent subsets of Q n h is
The formula for the number of all independent subsets of Q n h is implemented below. 8  9  10  11  12  13  14  15  16  h0 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16 384 32 768 65 536 13  1  1 2 3 4 7 11 18 29 47 76 123 199 322 521  843  1364  2207  3  2  1 2 3 4 5 6 10 15 21 31  46  67  98  144  211  309  453  6  3  1 2 3 4 5 6 7  8  13 19  26  34  47  66  92  126  173  2  4  1 2 3 4 5 6 7  8  9  10  16  23  31  40  50  66  89  1  5  1 2 3 4 5 6 7  8  9  10  11  12  19  27  36  46  57  6  1 2 3 4 5 6 7  8  9  10  11  12  13  14  22  31  41  7  1 2 3 4 5 6 7  8  9  10  11  12  13  14  15  16  25  8  1 2 3 4 5 6 7  8  9  10  11  12  13  14  15  16  17  9  1 2 3 4 5 6 7  8  9  10  11  12  13  14  15  16  17  10  1 2 3 4 5 6 7  8  9  10  11  12  13  14  15  16  17 Remark.
Denote by L n the n t h element of the Lucas sequence The coefficients q n h satisfy a recursion that closely resemble that of Lemma 2.2.
Lemma 4.2. We check the two provided formulas for q n h indeed compute the same numbers (at least for the values appearing in the tables).
q2h_, n_ : Ifn  2 h  1, qh, n  1  qh, n  h  1, n  1 5. The poset of independent subsets of powers of cycles Next figure shows a few Hasse diagrams M n h . Notice that, as stated in the introduction, for each n, because each choice of vertex is equivalent. We can obtain M n h in terms of a fibonacci-like sequence, as follows.
Proposition 5.1.
For n > h ¥ 0, the following holds.
M n h  n F n-h h .
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